





ESTIMATING VARIANCE COMPONENTS
IN UNBALANCED DESIGNS

N D. Verhelst

Cito
Arnhem, oktober 2000



© Arnhem 2000

R&D Notities zijn voor intern gebruik bedoelde notities van medewerkers van het
Psychometrisch Onderzoek- en Kenniscentrum. Aanhalingen uit deze notities of
verwijzingen naar deze notities vereisen de toestemming van de auteur(s).



1 Introduction

The algebra to derive unbiased estimates of variance components in balanced
designs is easy and straightforward. However, once one comes to unbalanced
designs, things suddenly get more complicated, and often recourse has to be
made to quite sophisticated software to get reasonable results.

The purpose of this report is to derive some unbiased estimators of the vari-
ance components for a two-way table or a three-way table, with one observation
per cell as is usual in generalizability theory, but where some of the observa-
tions are missing. It will be assumed throughout that missing observations are
missing completely at random. Furthermore, it will be assumed that the data
are collected to produce a complete design, so that it is reasonable to expect
that the missing values are incidental and that their number is not exorbitantly
high. In the simulation studies therefore, the highest percentage of empty cells
will be set to 16%.

In the next section a rather detailed derivation will be given for a two-way
table. The subsequent section will give the results for a three-way table. In
Section 4, some examples will be given which compare the present estimators
with the REML estimators provided by BMDP3V.

2 Two-way tables

The basic observations consist of a rectangular table with I rows and J columns,
with in each cell a single observation denoted by Y;;. The model for the obser-
vations is

Yij=p+oi+f;+ei (1)

where g is a constant and the other terms are considered as random variables
with finite variance and expectation zero, and which are all mutually indepen-
dent. Notice that the residual £;; is the sum of an interaction term and an error,
which are confounded since we only have one observation per cell.

If we have an ebservation in each cell, the estimation of the variance com-
ponents is easy (see, e.g., Veldhuijzen, Goldebeld & Sanders, 1993). If for a
number of cells in the table, the observation is missing, the design becomes
unbalanced and the estimation is no longer simple. We will treat this case by
adding a I x J matrix U (with elements u;;), defined as

v — 1 if there is an observation in cel (%, j),
971 0 otherwise.

In case u;; = 0, the value of Yj; is arbitrary. In the complete case, all entries of
U equal one.



We will use the following notation:
m; = Zuij;
F
S
1
Sm=Yn
i J

If we denote averages, we will always refer to weighted averages where the
weights are contained in the matrix U. For averages we will use the dot-notation:

1
i = ;l—izuijyij,
j
1
Y, = ;Euijyij, (2)
7o

1 1 1
Y, = Nzi:gj:uijyij = I—Vz;miyi. = ‘]\‘I‘Xj:nj},.j-

We can always write:

|

Us)

N

Vi -Y.=(Y-Y)+(¥;-Y)+(¥y-Y.-Y;+Y). 3)

In the complete case, the total sum of squares can be written as a sum of three
sums of squares:

SStot = SSrow + SScol + SSreSa (4)

but with the definitions (5) through (8) below, equality (4) is not valid any more
in unbalanced designs. In the general case (using the weights u;;), the four sums
of squares are defined as

SStot = Zzuij(yij—-y--)?, (5)

SSrow = Zmi(}fi,—‘x.)2, (6)

SSca = an(Yj_Y..)2a (7)
J

SSres = Y ) uy(Yy -Yi —Y;+Y)% 8)
LI |



and simple algebraic manipulations lead to the following equations:

SSwt = YD wi;YZ ~NY? 9)
i

SSrow = ) mY?-NY?, (10)

SScat = ZnJY?—NYZ! (11)

J

SSres = DD VG- Do ma¥Z -3 omYI-NY?  (12)
J i j

i

+2 Z Zuij}/i.Y:j
t 7

Notice that (12) defies simplification in the general case of an unbalanced design.
Using p to denote one of the elements of {tot, row, col, res}, and using
model (1), it is easily shown that

E(SS,) = apol + bpog + cpo? (13)

Equating any three of the four empirical SS to their expected value as given
in (13) yields a system of three linear equations, the solution of which is an
unbiased estimator of the three variances. Therefore the problems which are to
be solved are:

1. Find the coefficients ap, by and ¢, (p € {tot, row, col, res});

2. If one forms a system of four equations in three unknowns, either this
system will be consistent or it will not be consistent. If the system is
consistent, any three equations can be used to solve for the parameters,
and the results will be unique. If the system is not consistent, there exist
four different estimators, and the question arises which one to choose.

These problems will be treated in the next two subsections.

2.1 The coefficients a,, b, and ¢,

A straightforward way to derive expected sums of squares is to expand the
squares in (5) through (8) and to take expectations of each term. We demon-
strate the technique by deriving the expected value of 33,3, u;;¥;2. First,
notice that (1) gives

Y2 = o} + 62+ 6% + Eo (14)

where Fy is a generic symbol to denote a sum of terms where each term is
a constant or contains a factor which is a product of non-identical random



variables, which, due to the assumption of independence, has expectation zero.
Next we multiply by u;; and take sums :

Z Zquj = Zmia? + anﬂ? + Z Zu,—jsfj + Ep. (15)
i J i j i J

Since the variables u;, or their sums m; and n;, are independent of the variables
o, @ and €, it holds, for example, that

E[)_miof] = B[y mi] x B[} o] (16)

At present we will leave the expected value of the u;;-variables and their sums
as they are (without mentioning explicitly the expected value operator), and

since F(a?) = 02, we have that

E Zuijyg) = No2 + Noj + No2. (17)
1 J)

Following the same way of reasoning we find, after some tedious algebra, that

E(z m;Y?) = No? + Io} + Io? (18)
E() n;Y3) = Jo2 + Nob + Jo?, (19)
3
. m2 .n2
Bvy?) =2 2 a2 20
and
EQ. S ugViYy) = Jod + 1o} +0322%. (21)
i P

Notice that the last term in (21) defies simplification.
Using (17) through (21), we find that

B(SSr0n) = 0 (N - _ZN_m2> t o3 (1 - —ZN—”2> +o2I-1),  (22)

2 .n2
E(S8cat) = 02 (J— Z—m) + 0% (N— Zj\, ’) +o2(J-1),  (23)



 Xm? x;n
E(SSres) B Ui(J*T +O’% I—- ;V,J

2 Uij
4 N—I—J—1+2;JZM , (24)

2
E(SSto1) = 02 (N — ———E}vm?> -+ 0’% (N — Z;an> +02(N-1) (25)

Notice that in a complete design, it holds that
m;=Jandn; =1

whence it is easy to check that the formulae (22) through (25) also hold for the
complete case.

We will end this section with some remarks on the conditions where the
foregoing results are valid. The key-assumption is already given by an example
in equation (16), but generally it means that the model parameters (a, 8 and
¢) and the design variables u must be independently distributed. This allows
us to write, for example,

E(a?|uij = 1) = E(a?|ui; =0) = 02.

From this independence, we can quite accurately deduce when the results are
valid in any practical situation. We give three examples. In the first example
some observations are missing incidentally, but the design was planned as a
complete design. If it is reasonable to assume that the mechanism that caused
the not observed cells is totally unrelated to the model parameters, the foregoing
results are valid. Notice that if the observations would be repeated, the value of
the design variables © probably will not be identical across replications. The sec-
ond example is a planned incomplete design, where two booklets of items (with
some or no overlap) are administered to two groups of students. If the items
are assigned randomly to the booklets and the students are assigned randomly
to the groups, the results are valid. If on the contrary - and this is the third
example- items are assigned to the booklets on the basis of difficulty (making
an easy and a hard booklet) or students are allocated to the groups on the basis
of some estimate of their ability, the results are no longer valid. This is easy
to understand. Suppose the beoklets have no overlap. The 3;-parameter in (1)
is an index for the easiness of item j. If one constructs rather homogeneous
booklets, the estimate 3?, will estimate the within booklet variance which will
understimate the variance of the itemparameters.

A related topic concerns the precise meaning of the expected value operator
E(.) in (22) through (25). Since in the right hand sides of these equations the
variables u appear as they have been observed in the sample, all the expected
values are only taken with respect to the model parameters and conditional



on the design variables as observed. With a planned incomplete design the
distribution of the design variables is degenerate, i.e. the u have no variance by
definition. With incidental missings, the scope of the research can be different.
The narrow scope tries to find the variance of the effects and the residual given
that the design variables take values as in a particular case, what is usually what
one finds after the data collection. The broad scope supposes a distribution of
the u-variables, and the observed value of these variables in a particular case is
considered as a random draw from this distribution. For example, one might ask
for the expected sum of squares if for each cell (independently) the probability
of not having an observation equals some number 7. For such an approach
the formulae (22) through (25) are not appropriate, but should be replaced by
similar formulae where all functions of the u variables (like 3, 3. us;/(min;)
in (25)) are replaced by their expected values in the distribution of u. Such an
approach allows one to generalize over a whole population of design matrices,
but the expected values of the design variables presuppose a model, and their
computation will in general not be easy.

2.2 Choice of the estimator

The results of the derivations are given by the equations (22) through (25).
Equating these expected values with the observed sums of squares yields a sys-
tem of four linear equations in three unknowns. A simple example, with an
arbitrary matrix of observations and a few missing values learns that this sys-
tem is in general not consistent, i.e., there do not exist in general three variance
components such that the observed sums of squares all equal their expected
values.

Of course one could use any three of the aforementioned equations and equate
them to the corresponding observed sums of squares, and the (unique) solution
is a consistent and unbiased estimator of the variance components. (Of course,
there may exist designs where there is no unique solution, because the matrix
of the equation system is singular, but such a case is not considered further,
because it is not to be expected to occur in practical cases where the number
of missing values is low in comparison to the number of cells.)

To get an idea on the possible differences, two small simulation studies were
set up with I =40 and J = 15. The first study was concerned with continuous
variables, while the second study used binary responses.

2.2.1 Study1

The true variance components are displayed in Table 1.

Table 1: true variances in study 1

9% o3 of
1 049 3




Considering the row elements as persons and the column elements as test
itemns, the values in Table 1 correspond to a test of 15 items with a Cronbach’s
alpha of 5/6 = 0.83, which is quite realistic. To construct an incomplete table,
we proceeded in two steps. First for each row i a row effect was drawn from
a normal distribution with mean zero and variance o2, and similarly for each
column j a column effect 3; was drawn from N(0, 03). For each cell (¢, 7) of the
table the observation was defined as o; + ﬁj +¢€ij, with &; independently drawn
from N(0,02). Second, for each cell independently a biased coin with success
probability 7 was tossed, and on success the cell was designated as non-observed.

In the study, the value of 7 took 5 different values: 0, 0.02, 0.04, 0.08
and 0.16, where each value represents a condition. Within each condition 1000
tables were created and analyzed. For each table, the variance components were
estimated in four different ways, by dropping each time one of the equations
(22) through (25). In each condition the average estimate and the standard
deviation of the estimates was computed across replications. The results can be
summarized as follows:

e For the condition m = 0, the four estimation procedures give identical
results (because of (4)). Means and standard deviations across 1000 repli-
cations are given in Table 2.

Table 2. Results for the complete condition in study 1

ol a5 o
mean 1.001 0.492 2.993

SD 0.272 0.216 0.183

The row SD can be considered as an estimate of the standard errors.

e Within each condition with incomplete data the mean and the SD across
estimation methods did show a very slight variation in the order of magni-
tude of 0.001, which may be considered negligible when compared to the
standard error of the estimates.

e Within each condition the correlations (across replications) between the
estimates for each variance component were very high. The smallest cor-
relation found was 0.987

e The means of the estimates in the incomplete conditions were as close to
the true values as in the complete case, showing clearly that the estimators
are unbiased.

e The SD for the three estimators and the five conditions are shown in
Table 3.Although there is certainly a tendency for the SDs to increase
with increasing values of 7, the main result is that the increase is very

*  small: even in the case with 16% of empty cells, the standard error is only
slightly larger than in the complete case.



Table 3. SD across conditions in study 1

T o 0% o2

00 0.272 0.216 0.183
.02 0.271 0.207 0.183
04 0275 0221 0.178
08 0.278 0224 0.191
16 0.286 0.221 0.203

In summary we can choose freely one of the four methods of estimation,
since they all give unbiased estimates with the same accuracy, and the estimates
themselves correlate very highly. Moreover, a very comforting finding is that the
accuracy of the estimators decreases only very slowly with increasing number of
empty cells.

2.2.2  Study 2

The setup of this study is similar to that of study 1. The only difference is the
definition of the response variable. To make things clear, the two definitions are
displayed together:

study 1: Yij = ai + B, + €,

lif oy + €55 > ﬁj,

study 2: Yy = { 0 otherwise.

Of course, by using this discretization, it is not straightforward to predict the

true values of the variance components. But for comparisons across conditions

this is not very important, since we know that all estimators used are unbiased.
The results are summarized as follows:

e For each of the 1000 replications with complete tables, Cronbach’s alpha
was computed. The average alpha is 0.72; the standard deviation was
0.07.

e Means and standard deviations across 1000 replications for the complete
tables are given in Table 4.

Table 4. Results (x10) for the complete condition in study 2

Z 2 Y
Ta 95 s

mean 0.358 0.174 1.967
SD 0.094 0.077 0.102

e As in study 1, there was almost no variation across estimation meth-
ods in means and standard deviations, and the correlations between es-
timates from different estimation methods were very close to 1 (lowest
value: 0.987).



e The SDs for the three estimators and the five conditions are shown in
Table 5. As in study 1, there is a1 increase in the standard errors with
increasing number of missing observations, but again, the increase is very
slow

Table 5. SD (x10) across conditions in study 2

7 Z 2
T a5 g as

00 0.094 0.077 0.102
02 0096 0.079 0.106
.04 0.098 0.078 0.105
.08 0.103 0.081 0.106
.16 0.106 0.080 0.115

In summary we can draw essentially the same conclusions from both studies:
the estimation method does not matter very much. All four estimation methods
yield unbiased, very highly correlated estimates which have much the same
accuracy.

3 Three-way tables
3.1 The results

For three-way tables, with I rows, J columns and K layers, a similar approach
as in the two-way case can be used. The model is

Yijk = p+ @i + B; + v + (@B)ij + (a7)ir + (B7)jx + €k (26)

where ;5% is the sum of the highest-order interaction and the measurement
error. There are seven variance components: three for the main effects, three
for the first order interactions and one for the residual.

To derive the expected values of the sums of squares, we need a slightly more
complicated notation than with the two-way design. The design variables u now
have three indices, and we need univariate as well as bivariate totals. Therefore
we define

g = Zzuijk, nj = ZZUW’ Sk = ZZ”“’“’ (27)
3k ik i
and

(mn)ij == Zuijk, (ms)ik = Zuijk, (ns)jk = Zuijk- (28)
k J i

As before N denotes the total number of observations.
In the case of a three-way table, there are seven variance components, while
there are eight sums of squares, with the result that any seven sums of squares



can be equated to their expected values. In the simulation studies with two-way
tables it was found, however, that the different estimation equations gave very
similar results. With three-way tables, the derivation of the expected residual
sum of squares gives rise to quite cumbersome expressions, which will be omitted
from the present report. In analogy with the equations (9) through (12), it is

easily shown that
SSiwt = 3.3 uin¥i - NY?,
i j k
SSrow = Zmsz _NY..2.1

SSeot = anY.?,—NY,?.,

SSrowcol = ZZ mn ij U thyz ZnJY_?
J

+2 ZZ mn);Y:.Y;.
i 7

(29)
(30)
(31)

- NY2  (32)

where it is clear that the expressions involving layers can be constructed easily
by appropriate changes of subscripts. To derive the expected values, it showed

useful to introduce the following generic quantities:

_Zim?
- N

(mn)?;
aﬁ = ZZ man; 3
(mn)3;
aﬂ—ZZ v
Fop= ZE (mn)i; Z(ms ik (1) jk,

10



and

04.3 = ZZ min; ; ms 1ku1._7k (39)

The above definitions are generic in the following sense: the subscript & in
the left hand side corresponds to the subscript ¢ and the frequencies m in the
right hand side; the subscript § corresponds to j and n, while the subscript
k and the frequency s do not have a corresponding subscript in the left hand
symbol, because they refer to the remaining dimension of the table. From this
convention, it should be clear that, for example,

52 ns);
Ay = 20 ad Gy = 35 L S
ik TR

Notice, furthermore, that some of the above quantities are symmetric, and others
are not. For example, it is easy to check that

Ba,ﬁ = Bﬁaa

and that the same relation holds for Dyg, Eop and F,g, but not for C,5 and
Gag.

Using the equations (29) to (32) and the generic definitions (33) through
(39), the following table of coefficients can be constructed (Table 6). The value
in a cell is the coefficient of the column variance component in the expected
value of the row.

Table 6. Coefficients of variance components of 11 expected values

Expected value g, 05 05 O3 06y Oh, O¢
E(E >, Sk wiik ,J,c) N N N N N N N
E (NY?) Ae As A, Bap Bay Bsy, 1
E (Et mﬂ’;z N Cap Coay Cap Coy I I
E(%;n,Y?2 Coa N Cpy Cpa J Cpy J
E(YesuY% Cra Cw N K Cun Cp K
E(T. T, mn)ijyg? N N IJ N IJ IJ IJ
E (Y, 3, (ms)wY, N IK N IK N IK IK
E(T,Sins)x¥3) JK N N JK JK N JK
E(El >, (mn);, Y. Y, ) NG P N~
EQC: Y k(ms)Ye Y k) Cya Fay Cay Gay Eay Gya Day
E(Y; Zk(ns)a‘kY.j.Y..k) Fpy Cyp Cpy Gpy Gy Epy  Dpy

11



Table 6 is the main result, because the expected values of the seven sums of
squares needed (total, three main effects and three first order interactions), are
easily found as linear combinations of the rows of Table 6.

If the design is complete, Table 6 reduces to Table 7

Table 7. Coeflicients of variance components of 11 expected values (complete

design)

Expected value Op, o8 'Oy 0oy Uew e fe
E(L,S;Swws¥%) N N N N N N N
E (NY2) JK IK IJ K J I 1

E (5, mY2) N IK IJ IK 1J I 1

E(¥,n;Y2 JK N IJ JK J IJ J

E( kskY‘ JK IK N K JK IK K

E ( n)ij Yg; N N IJ N IJ IJ IJ

E( ,Zk ms)ik Y N IK N IK N |IK IK

E(S,Sure)uY%) JK N N JK JK N JK

E(sznljyy) JK IK IJ K J I 1

E(C;Semo)uYeY.x) JK IK IJ K J I 1

E (ZJ- Zk(m)jm.lf..k) JK IK 1IJ K J I 1

3.2 Study 3

Analogously to study 1, a simulation study was carried out with continuous
response variables in a three way design. In Table 8 the true values of the
variance components are displayed.

Table 8 true variances in study 3

P
1 049 036 025 016 0.09 3

As in studies 1 and 2, there are five conditions with a probability of non-
observation of 0%, 2%, 4%, 8% and 16% respectively, and in each condition 4000
data sets with I = 40 rows, J = 15 columns and K = 10 layers were constructed
from which the variance components are estimated using the formulae derived
in the preceding section. Notice that only one estimation procedure was applied
since the expected value of the residual sum of squares was not derived.

The results are not substantially different from the ones in study 1.

o The average estimates and the standard deviations for the complete design
(m = 0) are displayed in Table 9. Notice that the estimates of the interac-
tion components have a much smaller standard error than the estimates of

12



the components of the main effects, which demonstrates the paradoxical
situation that the components which are usually of the greatest interest,
the main effects, are more difficult to estimate than the components of
lesser interest, the interactions. Searle (1971, pp. 415-417) gives expres-
sions for the standard errors of the variance component estimates. These
values are computed for the present study and given in the row labeled
SE. If the effects are normally distributed, the expressions given by Searle
are exact, and as can be seen from Table 9, the empirical SDs (computed
on a samp le of 4000 tables) are indeed in very close correspondence to the
theoretical values.

Table 9: summary of results for the complete case in study 3

2 2 z Z 2 2
@, a T50 %oy T8+ o:

ot

mean 9955 4895 .3602 .2498 .1607 .0898 3.0007
SD 2399 .1940 .1806 .0341 .0272 .0206 .0608
SE  .2384 .1938 .1768 .0338 .0275 .0208 .0605

2

e For the other conditions, the mean estimates were virtually equal to the
means in the complete conditions, and the standard deviations showed a
small increase with increasing percentage of empty cells. The tables are
very similar to the Tables 3 and 4, and will not be reproduced here.

In summary we can say that the results of study 3 are much the same as the
results of study 1: the moment estimator is unbiased, and its standard error is
of the same order as the standard error in the complete case.

3.3 Study 4

Although the method presented above is easy to use in practical settings, two
theoretical issues should be discussed. The first concerns the efficiency of the
method, and the second has to do with the estimation of the standard errors
in the case of highly discrete observations. We comment on these problems in
turn.

As can be seen from the simulation studies, and especially from study 3, the
standard errors (as estimated from an empirical distribution) are quite large,
especially for the main effects. Of course, the number of observations in a
single table in the studies is not overwhelmingly large, but in the context of
generalizability theory, with ore facet being items and the other raters, the
numbers used in the simulation studies will in most contexts be larger than is
feasible in any practical application. Therefore, it might be useful to try other
estimation methods which may be more efficient than the proposed moment
method. Serious candidates of course are estimation methods which are based on
maximizing some likelihood function. A standard statistical package like BMDP
(1992) allows for estimation with maximum likelihood (ML) and restricted ML

13



(REML) of variance components in unbalanced designs. Therefore, we planned
a study to compare our estimation method with these two ML-methods.

But this brings us immediately to the second problem. To use ML one needs
a model for the distribution of the observations. In the standard packages this
model is always the normal distribution, i.e. all effects are normally distributed,
but in many applications the observations are discrete, or even binary, and it is
largely unknown how the use of a model for continuous observations will perform
with discrete data.

To shed light on these two problems, 1000 40 x 15 tables were generated with
binary data and with a missing probability of 16%, i.e., this corresponds to the
fifth condition of study 2: the same values of the variance components were used,
and the same method of dichotomization. Each one of the 1000 tables were used
to estimate the variance components of the two main effects and the residual
with three estimation methods: the moment method proposed in this report,
the ML and the REML estimation method implemented in BMDP3V. (Many
thanks to Niels Veldhuijzen for running 2000 BMDP jobs, and for collecting the
six numbers I needed from each the 2000 abundant BMDP output files.) The
results of the study can be summarized as follows:

e For each of the three variance components, the correlations were computed
between the three estimation methods. The minimum correlation found
was 0.994, which shows that the three methods give virtually the same
estimates, a part from possibly a scale factor or a shift.

e In Table 10 the average estimates are given. The moment method and
REML give the same results, while the ML method gives somewhat lower
values for the main effects, possibly pointing to a slight bias, which is not
important for practical purposes.

Table 10. mean estimates (x10) in study 4

o2 aj oz
moment .3532 .1761 1.9717
REML 3533 .1761 1.9718

ML 3459 .1655 1.9726

e Some results concerning standard errors are displayed in Table 11. The
standard deviations from the moment method were equal to the ones from
the REML procedure. It can be seen from the table that the ML-method is
more efficient than the REML and the moment method in estimating the
main effects. Of course, when estimating variance components in practice,
there is little possibility of doing replications with one (incomplete) data
set. (It is even not clear how one could apply the bootstrap method.).
But an estimate of the (asymptotic) standard error can be derived on
theoretical grounds, and the program BMDP3V gives such an estimate
for ML as well as for REML. In the present study we took the square
root of the mean squared (estimated) standard errors as an estimate of

14



the asymptotic standard error. These values are displayed in Table 11 in
the two rows labeled SE. Although asymptotic standard errors are usually
smaller than the real standard errors in finite samples, here we see the
opposite relation: the theoretical standard errors (SE) are systematically
larger than the empirical ones (estimated by SD), and the reason for this
is undoubtedly the fact that normal theory has been applied to binary
data. From the table it is seen that using normal theory overestimates the
error variances with about 30% (see the rows labeled SE?/SD?).

Table 11. SD and SE of the estimates (x10) in study 4

o2 o5 o2

REML-SD .1045 .0832 .1149
REML-SE .1185 .0943 .1317
SE?/SD® 129 128 1.31
ML-SD  .1022 0782 .1152
ML-SE  .1162 .0884 .1375
SE?/SD? 129 1.28 142

4 Conclusion

In the present report formulae have been derived to estimate variance compo-
nents in a two-way design and a three-way design with (when complete) one
observation per cell, and where observations can be missing. It is assumed that
the distribution of the missing values is independent of the distribution of the
model parameters.

When a design is incomplete, it becomes unbalanced, and in unbalanced
designs the property that the total sum of squares can nicely be decomposed
as a sum of three (in a two way design) or seven (in a three-way design) sums
of squares is lost. This is clearly demonstrated in Table 7, where the last three
rows are equal to the second row in a complete design but this property is lost
in an unbalanced design. Because of this, the moment estimators are no longer
uniquely defined. In fact, Table 6 contains 11 rows, and any seven (linearly
independent) rows can be used to estimate the seven variance components, and
any choice gives an unbiased estimator, although the standard errors may be
quite different. And the expected values used in Table 6 are by no means
exhaustive. We could, for example, have derived also the expected value of
20 2.5 2k WijkYis. Yik which is also a linear combination of the seven variance
components.

The choice of particular linear combinations was inspired by two considera-
tions. First, it was the purpose to choose the same sums of squares which are
used in the classical analyses with balanced designs, and second, the choice was
partially inspired by the wish to avoid lots of tedious algebraic derivations. In
particular, the expected value of the residual SS in the three-way design was
not derived.

15



In the first two simulation studies, it was investigated whether any choice of
three SS from the set {SS;ow, SSeot, SSras; SSis:} would have an important
influence on theresulting estimates. It appeared that this was not the case. The
four methods gave virtually the same means and standard deviations across 1000
replications and the correlations between the estimates under the four estimation
methods were all very close to one.

This led us to the conclusion not to investigate the effect of different esti-
mation methods in the case of a three-way design, but to use only the total SS,
the SS of the main effects and the SS of the first order interactions. The main
result is a table of coefficients (Table 6) of eight sums of squares and three sums
of cross products.

In the first three simulation studies it is clear that the estimators used are
unbiased, and that the empirical standard errors increase with increasing num-
ber of missing cells (as shoutd be expected.) It is, however, not easy to describe
the pattern in the increase (see the Tables 3 and 5), because the increase is not
monotonic in all cases, suggesting that 1000 replications is not enough to have
stable estimates of the standard deviations.

The problem of the standard errors is quite complicated, as appeared from
study 4 where incomplete two-way tables of binary observations with {on the
average) 16% missing observations were analyzed with the moment method, the
REML and the ML method. The finding that the estimates of the variance
components correlate extremely high is comforting, but the estimation of the
standard errors is problematic. The estimates of the asymptotic error variances
for ML and REML appear to be about 30% larger than the empirical estimates,
an effect which is ascribed to the fact that normal theory is applied to binary
data. For the moment method this causes a kind of a dilemma. The results de-
rived by Searle also use normal theory, especially the fact that, if X ~ N(0,02),
then E(X3) = 0 and E(X?) = 30*. Moreover, the basic model (1) cannot be
true if the observed variables are binary and the effect variables are continuous,
and at the same time independent. Therefore we can expect that the formulae
developed by Searle will also be in error when applied to binary data. To check
this we computed the standard errors using the formulae of Searle on the com-
plete data of study 2 (see Table 4). The average parameter estimate was used
as the value for the variance components, and the result of Searle’s formulae,
labeled SE were compared to the empirical SD, giving a ratio SE?/SD? of 1.40,
1.20 and 1.35 for the row, column and residual components respectively. These
results are comparable with the same ratios given by both ML procedures (see
Table 11).

In view of these results, it seems not to be fruitful to adapt Searle’s formulae
to unbalanced designs {which is easy in principle but involves a lot of tedious
algebra) since they also will probably be grossly in error when applied to binary
data. In any case, the development of these formulae is beyond the scope of the
present report.
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